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dicate that the numerical solutions are more accurate and
can be carried farther than either the series expansion solu-
tions or the coordinate expansion solutions.
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Fig. 2 Skin-friction distribution. Isothermal wall: ----, present
solution; ---- , Ref. 3. Adiabatic wall: -, present solution; - - -,
Ref. 3.
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Fig. 3 Heat-transfer distribution for an isothermal wall: -, present
solution; - - -, Ref. 3.
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Appendix: Inviscid Flow Relation in
a Centered Expansion Wave
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Extension of Hypersonic,
High-Incidence, Slender-Body Similarity

Richard W. Barnwell*
NASA Langley Research Center, Hampton, Virginia

Introduction

AN analysis of inviscid, hypersonic flow past slender
bodies at large angles of attack developed by Sychev,1

shows that these flows are governed by two parameters: the
crossflow components of the Mach number and a parameter
that relates thickness ratio and angle of attack. The analysis is
discussed in well-known texts on hypersonic flow by Hayes
and Probstein2 and Cox and Crabtree.3

Recently, Hemsch4 has shown that the Sychev parameters
can be used to correlate experimental normal-force and
pitching-moment data for a variety of configurations for
Mach numbers from low supersonic to hypersonic. On pur-
pose of this Note is to show that the Sychev analysis is ap-
plicable to all slender-body flows with crossflow Mach
numbers greater than sonic and hence is not restricted to flows
with hypersonic values of the cross flow Mach number as in-
dicated in Refs. 1-3. Also, it will be shown that the Sychev
similarity applies to a number of slender-body flows with sub-
sonic crossflow Mach numbers, including incompressible
flow.

Near-Field Analysis
The basic Sychev equations governing the inviscid flow in

the near field or slender bodies at large angles of attack can be
obtained with no assumption regarding Mach number. As
shown in Fig. 1, a body-oriented Cartesian coordinate system
is used with x in the axial direction and the freestream velocity
vector in the x-y plane; the velocity components are u, v, and
w. The body thickness and length parameters are d and /,
respectively, such that the body thickness ratio 6 satisfies the
inequality
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Define the nondimensional dependent and independent
variables

where 7 is the ratio of specific heats. The boundary condi-
tion is

u= u , v= v , w= w
U^ sina U^ sina U^ since

6 coto:
dB

dY
dB

~az~

R=- P = -

and

d

where a. is the angle of attack and />„ and £/„, the freestream
density and speed, respectively. The axial momentum equa-
tion can be written as

dP
dY dZ R dX

= 0

The simplest form of U that is consistent with this equation,
the fact that U has the value cota in the freestream, and the
assumption that K, W, P, and R are order-one quantities, is

If the freestream Mach number is supersonic, it is necessary
to use the shock relations in obtaining this result. With this
form and the neglect of terms of the order 62, a set of four
equations in the four unknowns K, W, P, and R is obtained
as
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where the subscript b denotes values at the body surface and
the body surface is defined by the equation

The quantity

B(X,Y,Z)=Q

k} = d cote*

is the Sychev parameter relating the thickness ratio and angle
of attack; in general, the value of this parameter is order one
for the flowfields of interest here. Since this derivation in-
volves no assumptions concerning the Mach number, these
equations govern the near-field solutions of all inviscid
slender body flows, regardless of the Mach number.

Strong Shock Wave Applications
As Sychev demonstrated, the shock relations also reduce

to a set of four equations in the same four unknowns for
shock waves that lie close to the body surface. The pro-
cedure of van Dyke5 can be used to write the shock relations
in Cartesian variables. The shock wave surface is defined by
the equation

S(x,y,z)=0

and the velocity component qn normal to this surface is ob-
tained as

dS
~dx~

-+ v •
ds
17

dS
~dz

/ dS V
(IT)

where q and ns are the velocity vector and unit vector nor-
mal to the shock, respectively. For shock waves located close
to the body, the equations for the conservation of mass, nor-
mal momentum, and energy, which all depend on <?„, can be

Fig. 1 Geometry and coordinate system.
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written to the lowest order in terms of nondimensional,
inner-region variables as

as ds ds \ ds ds
6 cotce ———+ V ——— + W-——] =d cotce,(.

Dr /asy /asyi / as
P I —— ) + ( —— ) \+R (d cotce——-ILVay / vaz / J V dx
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dX 8Y
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a^ ay
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With the addition of the tangential shock relation

as as as
az ay az

a set of four equations in four unknowns is obtained. These
equations depend only on the ratio of specific heats 7, the
Sychev parameter kl9 and the second Sychev parameter

k2 = since

Thus the solution in the region between a slender body at
angle of attack and a closely bounding shock wave can be
correlated with the parameters kl and k2.

Sychev1 concludes that the force and moment coefficients
for a slender body with M^ since > 1 can be correlated with kl
and k2. For example, the correlation for the normal-force
coefficient is

As illustrated in the figure, the shock wave will be close to
the body on the windward side if ce and Mx are related as

since > sin/3min = sin/* =

or

, since > 1

where /3min is the minimum value of the shock angle. This in-
equality defines a Mach number range that is expanded enor-
mously over that permitted by the hypersonic limit
Mx since>\ given by Sychev.

The Sychev formulation is applicable for subsonic values
of the crossflow Mach number (M^ since < 1) if the flow is
conventionally hypersonic [M^^l, M^^OO)]. For these
flows ce<0(6), so that 5 characterizes all slopes, and thus d
is the proper transverse length scale for the whole shock
region.2'3 Therefore, the approximate forms for the govern-
ing equations and shock relations developed by Sychev
pertain.

Potential Flow Applications
A related similarity formulation involving the Sychev

parameter k{ can be established for several potential flows.
It has already been shown that the flow in the region near
the body is governed by the Sychev equations and thus
depends on the parameter k\. It remains to determine the
nature of the flow far from the body.

The potential flow solution in the outer region of a slender
body at angle of attack does not depend simply on the
Sychev parameters k} and k2. Far from the body, the length
scales of all cordinates can be taken as / for potential flow,
so nondimensional coordinates of the form

y
i

can be assumed. A perturbation velocity potential is defined
such that

U=cota + 5

He reasons that the shock wave lies close to the body on the
windward side, causing the pressure there to be large and
dependent on kl and k2. Furthermore, Sychev assumes that
the pressure on the leeward side, where the shock wave is far
from the body surface (see Fig. 1), is small and almost con-
stant, making no appreciable contribution to the normal
force and pitching moment. In fact, flow separation typically
causes the pressure on the leeward side of all slender bodies
at large angles of attack to be low, regardless of the Mach
number.

Hemsch4 reasons that it is useful to correlate the coeffi-
cients so that the gage functions have the proper asymptotic
behavior for small values of ce. With this philosophy, the
normal-force and axial-force coefficients are written as

CN = kl sin2aCN(kl,k2) CA=dktl sir\2aCA(kl,k2)

The reference area for these coefficients is Id. Note that for
small values of ce, k{ sin2ce varies as ce and k2 sin2ce is
constant.

The Sychev similarity is valid for any supersonic, slender-
body flow for which the angle of attack exceeds the
freestream Mach angle, which is defined as

This form is consistent with the established form of U and
the equations for zero vorticity. The linearized form of the
potential equation is

cos2cO - — 2M2 since cosce

8rj2 df

The coefficients of this equation do not depend on k\ at all
and cannot be expressed simply as functions of
k2 ^Moo since.

A reduced number of parameters govern the solutions for
two types of potential flow. For incompressible flow, the
outer region is governed by the Laplace equation, which is
parameterless. For subsonic and supersonic flows that satisfy
the inequality M^ since <^1, the governing equation in the
outer region is

(1-Mi)
a2</> a2</>

so the solution depends on the Mach number. As stated
previously, the inner solution depends on the Sychev



1522 AIAA JOURNAL VOL. 25, NO. 11

parameter kl = 6 cotce. For both types of flow discussed, the
governing equations in the inner region can be written in
terms of the perturbation velocity potential as

d2</>
+ -^=oay2 az2

where

sin

Note that these equations can also be obtained with slender-
wing and slender-body theory.6 It is concluded that the
normal-force and axial-force coefficients for incompressible
flow and for subsonic and supersonic flows with small values
of the crossflow Mach number can be expressed as

CA=bk\ s

As slender-wing and slender-body theory shows, the
dependence of CN on M^ is weak and can be neglected for
potential flow. However, the dependence of CA on M^ is
not negligible.
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Similarity Rule for Sidewall
Boundary-Layer Effects

in Airfoil Testing
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Introduction

THE sidewall boundary-layer interference in testing of air-
foils in wind tunnels has recently been the subject of con-

siderable attention. Earlier methods to account for the
sidewall effects were based on the vorticity model proposed by
Preston.1 However, following recent experimental observa-
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tions made in the ONERA2 tunnel, Barnwell,3'4 and Winter
and Smith5 have independently proposed theories based on
the changes in the sidewall boundary-layer thickness due to the
airfoil flowfield. In the form proposed by Barnwell, a factor
similar to the Prandtl-Glauert rule was suggested to account
for the sidewall boundary-layer effects. This was later ex-
tended to transonic speeds by Sewall6 by using the von
Karman similarity rule. In this Note, an alternative simpler
form of the similarity rule is presented by considering the
sidewall boundary layer to cause changes in both the airfoil
thickness and the freestream Mach number. This approach,
within the small-disturbance approximation, encompasses
both the methods of Barnwall and Sewall and, hence, can be
used from low speeds to transonic speeds.

Analysis
For the flow over an airfoil mounted between the walls of a

two-dimensional wind tunnel of width &, the sidewall bound-
ary-layer effects can be represented in a simplified manner by
the small-disturbance equation4'6'7

<•-"**>(-£-)*(•£•)-«
where x, y refer to the stream wise and normal coordinates,
u, v are the perturbation velocities, and M is the local Mach
number. In arriving at Eq. (1), it was assumed that the
equivalent flat-plate Reynolds number for the sidewall
boundary layer was much larger than the airfoil chord
Reynolds number, and the changes in the boundary-layer
thickness introduced cross-flow velocities that varied linearly
across the tunnel width. The parameter k is nearly constant
and is given by the values of the undisturbed sidewall bound-
ary-layer displacement thickness (6*) and the shape factor H.

= (2d*/b)(2+l/H-M2) (2)

Introducing the coordinate transformation %=x and
r j = y ( l + £)1/2, and the velocity potential 0, Eq. (1) can be
reduced to an equivalent two-dimensional flow represented
by

(3)

where Me =M/(\ +k)l/2 is the local Mach number in the
equivalent flow. If the freestream velocity is Um and the air-
foil thickness is r, the corresponding boundary condition on
the airfoil surface is given by

(4)

where f(x/c) represents the airfoil shape. From the
transformed boundary condition (4), it follows that, in the
equivalent flow represented by Eq. (3), either the freestream
velocity or the airfoil thickness ratio can be considered to be
reduced by a factor of (1 +£)~1 / 2 . For subsonic flow, Eq. (3)
can be linearized by approximating M by the freestream
value M everywhere. The corresponding freestream Mach
number Mc in the equivalent two-dimensional flow will be

In transonic flow, the Mach number is reduced everywhere
by the factor (\+k)~l/2. However, for both subsonic and
transonic flows, if the freestream velocity in the equivalent
flow is U, it follows from Eq. (4) that the equivalent flow
corresponds to flow over a thinner profile with a thickness
ratio of re = r/(l +£)1/2. This equivalent two-dimensional
flow can be related to a number of other two-dimensional
flows by using the high-speed similarity rules, and the results
of Refs. 3 and 6 can be obtained as particular cases.7 For
subsonic flow, if the freestream velocity in the equivalent
flow is Ue [ = £/00/(l+/:)1/2], the corresponding pressure


